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MG DAU

Chuyén dé s6 hoc 1a mot noi dung rat quan trong é bac trung hoc pho thong.
Cac dang toan vé dém sé phan ti, so sanh va sap thit tu cac sd trong tap hop
14 noi dung co ban clia cac dé thi HSG qubc gia va Olympic toan khu viyc va
quoc té.

Dic biet 1a trong 1y thuyét s, cac ham sb6 hoc lien quan dén tinh toan cac
u6c clia mot s6 nguyéen, gan véi phép dém sb cac udc sd va cac dang toan lién
quan dén biéu dién céc s6 nguyen la trong tam trong cac khao sat dang thic va
bat dang thiic trong s6 hoc.

Luan van nay nham muc dich tim hiéu chi tiét cac tinh chat cia ham s6 hoc
va mot s6 dang toan vé bat ding thic va cyc tri lien quan trong sb hoc.

Ngoai phan Mé dau va Két luan, luan van dudc chia thanh ba chuong dé cap
dén cac van dé sau day:

Chuong 1 trinh bay vé bai toan vé dém, udc lugng va sap thit tu.

Chuong 2 trinh bay céc dang bat ding thic va céc tinh toan lien quan dén
tap rdi rac va cac ham s6 hoc.

Chuong 3 trinh bay mot sd bai toan vé cyc tri va cac dé thi hoc sinh gidi
quéc gia, Olympic khu vue va quoce té lien quan dén bat dang thic s6 hoc.

Luan van duge hoan thanh duéi sy huéng dan khoa hoc ctia Nha gido nhan
dan, GS.TSKH Nguyén Van Mau. Tac gid xin dugc bay té long biét on chan
thanh va sau sic t6i GS - Nguoi thay rat nghiém khic, tan tam trong cong viec
va da truyen thu nhiéu kién thidc quy bau cling nhu kinh nghiém nghién citu
khoa hoc cho tac gid trong suét qua trinh hoc tap, nghién cttu deé tai.

Tic gid xin dudce bay té long biét on chan thanh dén Ban Giam hiéu, Phong

dao tao sau dai hoc, khoa Toan - Tin ciia truong Dai hoc Khoa hoc - Dai hoc



111
Thai Nguyén, cliing cac thay co giao da tham gidng day va huéng dan khoa hoc
cho 16p Cao hoc toan K10C.
Tac gid xin chan thanh cAm on Ban Giam hiéu, tap thé gido vién toan trusng
THPT Ly Nhan Tong, thanh phd Bac Ninh va gia dinh da tao diéu kién cho tac

gia c6 co hoi hoc tap va nghién citu.



Chuong 1. Cac tinh toan trén tap

hitu han sé nguyén

1.1 S6 nguyén va cac tinh chat lién quan

Trudce tién, ta xét mot s6 ham sé hoc co ban.

Dinh nghia 1.1 (Ham s6 Euler ¢(n)). Cho s6 tu nhién n > 1. Ta ky hie¢u ¢(n)

14 s cac s6 tir nhién bé hon n va nguyén t6 ciing nhau véi n. Quy uée ¢(1) = 1.

Dinh 1y 1.1. Ham ¢(n) c6 tinh chat nhan tinh theo nghia: Néu a,b 13 hai s6

nguyén t6 cting nhau thi

Ching minh.

p(ab) = p(a)e(b).

Ro rang ta c6 thé gidi thiét a > 1,b > 1. Cac s6 nguyén duong khong vugt qué

ab dugce liét ké nhu sau:

1 2

a+1 a—+2

2a +1 2a 4+ 2

ka +1 ka + 2
b—1a+1|(b—-1a+2

a
2a
3a

(k+1)a
ba

Cac s6 d6 sap thanh bang c6 dang ax +y, trong d6 0 <z <b—-1,1<y<a.

Xét cac s6 6 cot thit y. Ta c6 (az +y,a) = (y,a). Vi mot sd nguyén t6 véi ab

khi va chi khi n6 nguyén t6 v6i a va b, do d6 cac s6 nay phai ndm & cot thi y

ma (y,a) = 1. C6 ca thay p(a) cot nhu vay. Xét mot cot thit y, véi (y,a) = 1.



Cac sb & trong cot nay la
y,a+y,2a+y, ..., (b—1a+y.

Gia st 7, 1a 86 du khi chia ax + y cho b. Nhu vay (ax + y,b) = (rz,b). D& dang
thay rang vi (a,b) = 1 nén r,, # 14, Vi 21 # x2. Nhu vay ta c6 dang thiic tap
hop

{ro,r1,...,mp-1} ={0,1,...,b—1}.

Vay s6 cac z ma (ax +y,b) = 1 chinh 1a 86 cac x ma (r,,b) = 1 titc chinh 1a ¢(b).
Vay ca thay co ¢(a)p(b) sd nguyén t6 v6i a va nguyén t6 véi b. D6 chinh 1a
cac sO nguyen to v6i ab. Noi cach khac ¢(ab) = p(a)p(b).
T dinh 1y nay ta suy ra cong thitc tinh ¢(n) nhu sau.

Dinh ly 1.2. Gia st n = p{" ...p{* 1a phan tich tieu chuan ctia n > 1. Khi d6
o(n) :n(l—i)(l—l> (1—i).
b1 D2 Pk
Ching minh.

Theo dinh 1y 1.1, ta c6 ¢(n) = ¢(pi") ... o(pL").

Dinh 1y sé duge chiing minh néu ta ching té rang tng véi p 1a mot s6 nguyen
t6 thi o(p®) = p*(1 — ;) That vay, vi p 14 nguyén t6 nén véi mdi k& < p* thi
(k,p) =1 hodc k:p.

S6 cac s6 k < p® va la boi cia p 1 [p—a] =p* 1L

Vay ’

~ 1
p(p®) =p* —p* 1 =p*(1 - ]—9)~

Vi du 1.1. Véi n = 360 = 23.32.5 thi

£(360) = 360(1 - %) (1 - %) (1 - %) — 96.

Tam quan trong clia ham ¢(n) trong sé hoc duge thé hien trong dinh 1y Euler.

Sau day la mot sy suy rong cta dinh 1y Euler.

Pinh ly 1.3 (Dinh ly Euler md rong). Cho a va m 1a hai s6 tu nhién. Khi d6

ta co



Ching minh.
Ta phai chiitng minh

A=a™—qn P = gmmem)(gelm) _ 1)

chia hét cho m.
Gia st m ¢6 phan tich tieu chuan la

m=qi"q” ... q."

Ta sé chimg minh ring néu (a,¢) = 1 thi (a?(™ — 1)i¢®, con néu aiq thi
am=e(m)igei vy nhua vay Aim.

That vay, néu (a,q;) = 1 thi theo dinh ly Euler
(@@ — 1)ig%.

Mat khac,

, | 1
() = ¢ (1 — =).
Gi

la w6c ctia p(m) (suy ra tit cong thic tinh p(m)).
Do do6
(@™ — 1)i(a?(@") — 1)ig™.
Néu aig; thi
g e(m):gm—p(m),

Mat khac, rd rang m — ¢(m) > «a; (vi ¢6 it nhat o; s6 khong nguyén t6 véi m
la ¢i"¢5* ... ¢"). Do do

g e(m) i gm—p(m): g,
Dinh 1y dugc chiing minh.

Dinh 1y 1.4 (Dinh Iy Fermat). Cho p 1a mot s6 nguyén t6 va a 1a mot sé nguyén
khong chia hét cho P khi ay ta c6

a?1=1 (mod p).

Chitng minh. Theo gia thiét, ta c6 ¢(p) = p — 1 va a 1a nguyén t6 véi p nén
theo dinh 1y Euler ta dugc a?~! =1 (mod p).
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Dinh ly 1.5 (Dinh Iy Fermat dang khac). Cho p la mot s6 nguyén t6 va a la

mot s6 nguyeén tiy ¥ khi ay ta co
a’? =a (mod p).

Chitng minh. Néu a chia hét cho p thi hién nhién ® = ¢ (mod p). Néu a khong
chia hét cho p thi theo dinh 1§ 1.4 ta ¢c6 a?~! =1 (mod p) cho nén sau khi nhan
hai vé clia dong du thic nay véi a ta duge a? = a (mod p).

Nguge lai tit dinh 1y 1.5 ta c6 thé suy ra dinh 1y 1.4. That vay, tit o” = a
(mod p) va a 13 mot sd nguyen khong chia hét cho s6 nguyén to p thé thi « nguyén
t6 v6i p nén bang cach chia cho a ta duge a?~! =1 (mod p). Chinh vi vay, ngudi

ta n6i dinh 1y 1.5 la dang khac cua dinh 1y Fermat.

Vi du 1.2. Tim cac s6 nguyen = dé 9z + 5 1a tich ctia hai s6 nguyén lién tiép.

Loi gidi. Gid st 9z +5=n(n+1) v6i n € Z = 36z + 20 = 4n® + 4n. suy ra
36z +21=(2n+1)2=3(122+7) = 2n+1)2

S6 chinh phuong (2n + 1)? chia hét cho 3 nén né ciing chia hét cho 9. Mat khac
(12x 4 7) khong chia hét cho 3 nén 3(12z + 7) khong chia hét cho 9.

Mau thuin trén ching té6 khong ton tai s nguyén x nao dé 9z + 5= n(n +1).

Vi du 1.3. Tim céc sé nguyén z dé bieu thic sau 1a mot sé chinh phuong
at 4 223 4+ 222 + z + 3.
Loi gidi. Dat 2 4+223 + 202 + 0 +3 =192 véiy € N.
Ta thay y? = (z* + 223 + 2?) + (22 + 2 +3) = (22 + 2)% + (22 + v + 3)
Dat 22 +r =atacoy? =a®>+ (22 +2+3). T déo c6 y?> —a?> = 2>+ 2+ 3 =
<93+1)2+E >0=y% > d
. 2/ ! N2 1
Déthéy(a+2)2—y2—3(x+§> +ZO:>(a+2)2>y2.
Dodéa?<y?<(a+2)?2=19?=(a+1)>
Suy ra 2 + 2034222 + 2 +3 = (2?4 2+1)% Suyraz? +2-2=0=>2= 1,0 = —2.
Thtt lai, v6i z = 1;2 = —2 thi biéu thic 9 = 32. Vay = = 1;2 = —2 1a céc gia tri

can tim.
Vi du 1.4. Tim nghiém nguyén duong ctia phuong trinh

Ty = 2°. (1.1)
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Loi gidi. Gia sl 20,0, 20 thoa man (1.1) va ¢c6 USCLN béng d.

Gia st xg = dr1,y0 = dyi, 20 = dz1 thi (21,1, 21) cing théa man (1.1).

Do d6, ta c6 thé gia s (z,y,2) = 1 thi z,y, 2 d6i mot nguyén t6 ciing nhau
vi néu hai trong ba s6 z,y, 2 ¢6 u6c chung 1a d thi s6 con lai ciing chia hét cho
d. Ta co z.y = 2> ma (x,9) = 1 nén z = a?,y = b* v6i a,b € N*. Bdi vay

(1.1) & 22 =2y = (ab)? & 2z = (ab).

Nhu vay ta dugce biéu thic nghiem

x =ty =th* 2 = ab (t € N¥).

Ngugc lai, dé thay cac sb z,y, z ¢6 dang trén thoa man (1.1). Vay cong thiic

trén cho ta tat ca cac nghiém nguyén duong cua (1.1).
Vi du 1.5. Tim tat ci cidc nghiém nguyén ciia phuong trinh
2% 4 zy + % = 2%y2 (1.2)

Loi gidi. (1.2) & 22 + 22y +y? = 22y> + oy < (v +y)? = ay(zy + 1).
Ta thay zy va 2y + 1 14 hai s6 nguyén lién tiép nén:

+ Xét 2y =0,tacozy=0va 22 +y> =0
Sr=y=0.
+ Xétay+1=0,taco:azy=—1vaa24+y2=2
& (z,y) = (L, -1); (=1, 1).
Thit lai, ba cap s6 (0,0); (1,—1);(—1,1). déu théa man phuong trinh da cho.
Vay phuong trinh trén c¢6 ba nghiém nguyeén la (z,y) = (0,0); (1, —1); (—=1,1).
b. Ham téng cac uwdc ctia mot sé tu nhién

Dinh nghia 1.2 (xem [2],[3]). Cho s6 nguyén duong n. Ta ky hic¢u o(n) 1 tong

cac udc cua n.

Dinh 1y 1.6 (xem [2],[3]). Ham s6 o(n) ¢6 tinh chat nhan tinh theo nghia: Néu

a,b 1a hai s6 nguyéen t6 cing nhau thi o(ab) = o(a)o(b).



